Introduction
In recent years, various algorithms have been proposed for the synthesis of controllers for hybrid systems [l] , [2] , [3] , [4] , [5] , (61, [9] , [lo] , [ l l ] . However, sometimes the synthesized controllers may force the system t,o undergo an unbounded (infinite) number of discrete configuration changes (switches) in a finite length of time and then violate the constraints. This phenomenon is called Zenoness' (or a Zen0 behavior), and can be thought of as a type of instability of hybrid systems t,hat constitutes a major impediment to "proper" system behavior, and is an obstacle to successful controller synthesis, even in cases when controllers actually exist.
With the aim of bypassing the difficulties created by the Zenoness phenomenon, several researchers proposed controller synthesis approaches, that limit the maximal switching rate of the synthesized controller, thereby yielding controlled systems that switch configurations at. or below a specified upper rate. Such switching rate limitation is accomplished by imposing various structural constraints on either the system or on the controller [Z], (31, (51, [ l l ] . Yet, while such approaches guarantee that a synthesized controller will never yield a Zen0 system, they do not answer the basic questions associated with the Zenoness plienomenon. Specifically, when controllers with the imposed switching rate constraint exist, are they necessarily minimally interventive for the system when no switching rate constraints are imposed? When controllers with the imposed switching rate constraint do not exist, what conclusions can be drawn regarding the existence and na- ' ture of controllers for the unconstrained system? Are Zen0 behaviors inherently possible in the unconstrained system? When a safety controller for the constrained system exists, does there also exist a minimally interventive controller for the unconstrained one? If the answer t o this latter question is affirmative, how me the two controllers related?
To answer these questions, we must investigate conditions for existence of Zen0 behaviors in hybrid systems. We begin our investigation by examining constant rate systems in which each of the dynamic (state) variables has a constant rate in every discrete configuration. In the full version of the paper (http://www.cs.technion.ac.il/-heymannj), we extend our investigation to bounded rate systems where the rate of each state variable is specified to lie within constant upper and lower bounds and to more general hybrid systems with nonlinear dynamics. There, we also use these results to investigate the existence and synthesis of controllers for hybrid systems.
Our approach is based on a simple but crucial observation that a state of the hybrid system is reachable at a given time if and only if it is reachable at the same time in an "equivalent" continuous system that is obtained as a suitable weighted combination of the dynamic equations of the hybrid system in the different discrete configurations. Thus, instead of a difficult investigation of the rat.her complicated class of behaviors of the hybrid system, we examine the very simple class of behaviors of the "equivalent" continuous syst,em. The elements of Hhl are as follows. Q is a finite set of (discrete) configurations. We shall assume that the system has n configurations: that is, dirn(Q) = n. C is a finite set of event labels. An event is an znput event, denoted by e (underlined), if it is received by the HhI from its environment; and an output event, denoted by F (overlined), if it is generated by the HhI and transmitted to the environment. D = {dp : q € Q} is the dynamics of the Hhl. For configuration i, the dynamics given by 2 = f L ( s , u ) , where z and ZL are, respectively, the state and input variables of appropriate dimensions. E = { ( q , G A e -u ' , q ' ) : q , q '~Q } , i s a s e t o f e d g e s , where q is the configuration exited, q IS the configura-tion entered, is the input event, and 2 the output event. G i s t h e g u a r d . Anedge (q,GAc+u',q',z$) is interpreted as follows: If the guard G is true and the event 0 is received as an input, then the transition to q' takes place at the instant is received. The output event U' is transmitted as a sideeffect at the same time. I = { I q : 9 E Q} is a set of invariants. (q0,xo) denotes the initialization condition: qo is the initial configuration, and zo is the initial value of z. A more detailed description of the hybrid machine model can be found in the full version of the paper.
A m n of the HhI is a sequence where e; is the ith transition and ti(? ti-1) is the time when the ith transition takes place. For each run, we define its trajectory, time stamp and path as follows. Clearly Zen0 HhIs are ill defined, in that they may uncont,rollably execute a n unbounded number of transkims in a finite (and bounded) time interval and thus describe systems whose lifet,ime is limited, contrary to our intention of modeling ongoing behaviors (that never terminate). In the next, sections we shall explore conditions under which hybrid machines possess Zen0 behaviors. In the simplified hybrid machine model described above, we assunie that state variables are the same for all configurations. Such hybrid systems are called ho-
For a run that starts at the initial state x ( 0 ) = X O , the dynamics of x ( t ) for t 2 0 can then be expressed as
, ( x , u ) ] 1 n ( t ) . (1)
This description, which resembles the dynamic representation of a continuous system, will be used below to derive various results on Zenoness.
To illustrate some aspects of the Zeno phenomenon, let us examine the following example.
Consider the hybrid system shown in Figure l Note that in each configuration of the system, at least one variable is decreasing and will eventually cause the syst,em to change configuration. We call such a variable an active variable.
This example is an extension of the two water-tank example that we first proposed in 171 and was later used by others [8] . However, the behavior of this system is much more complex than the two water-tank example, 3\Vithout loss of generality, we assume that the lower bounds are 0 in this paper.
its can he seen in Figure 1 . It is not very straightforward to deduce intuitively from the dynamics whether the system is Zeno. Indeed, the switching among the three configurations is highly irregular its shown by the simulation results in Figure l that is, an unbounded number of transitions takes place in bounded time and hence the system is Zeno.
We are motivated, by this simple example and many others, to investigate the complex phenomenon of Zenoness.
To examine the Zenoness phenomenon, we review the concept of instantaneous configuration cluster (ICC) In [7] it is shown that existence of a Zeno point and its associated ICC is a necessary condition for Zenoness, although it is not sufficient. Clearly, once a t a &no point, the behavior of the Hhl is necessarily Zeno. Thus, the question that must be examined is whether if initialized outside (or away from) a Zeno point, a possible run will enter the Zeno point after a bounded length of time. We shall say that a Zeno point is a Zeno attractor whenever there exist initializations of the HM outside the Zen0 point such that for some run, the Zeno point will be reached in bounded time. Clearly, a Hbl is non-Zeno if and only if it has no Zen0 attractor. Thus, the problem of checking Zenoness of a HM consists of identifying its ICCs, if any, and checking whether they include Zen0 attractors. Since identifying ICCs is an easy job, in this paper, we address the latter issue.
We consider homogeneous hybrid systems with rz configurations and m continuous variables. We confine our attention first to constant mte hybrid systems, for which the continuous dynamics in configuration j, 'An SCC is a set of configurations for which there is a directed path from any configuration to any other. j = 1 , 2 , . . . , n, is given by where the kijs are constant, and we shall consider systems that satisfy the following assumpt.ion:
Assumption 1
1. The legal region of the system is the nonnegative orthant W$ = {z E Em : zi 2 0 , i = 1,2, .._, m}.
2. All t,he system's configurations are in an ICC with respect to the Zeno point 2 = 0.
3. Every variable is active in some configurations.
4.
In every configuration, there is a t least one active variable.
5.
In a given configuration, a unique hransition is associated with each active variable zi. This transition is triggered either by an event (generated by a controller) or by the ass0ciat.d guard [zi c: 01 becoming true. Each transition leads the system to a configura tion where the triggering variable z; is not active.
In the above Assumption, (1) implies that a variable is active if and only if its derivative is negative, (2) states that every configuration is relevant to the Zeno behavior, (3) states that every variable is relevant to the Zen0 behavior of the system, (4) ensures that the hybrid system cannot stay in any configuration indefinitely and hence the system is forced to perform an unbounded number of transitions over an unbounded interval of time, and ( 5 ) states that the hybrid system can be forced to exit a configuration at any time before 
I' where a(t) = J," I~(T)~T =. [ a l ( t ) az(t) ... a.(t)]'.

r = i
It is readily noted that z(t) = Ji K l n (~) d~+ z o is also the solution of the following constant rate dynamical system (4) for a = a(t). This much simpler "equivalent" system will serve us below to investigate the Zenoness properties of the hg-brid system HhI. In particular, we will show that the existence of Zenoness is closely related to the existence of solutions to the inequality
We shall make use of the folloming simple observation.
Lemma 1 Let Hhl be a homogeneous constant rate hybrid system satisfying Assumption 1 with initial The proofs of all the lemmas and theorems can be found in the full version of the paper.
By investigating the equivalent system (4) instead of the original hybrid system Hhl, we can simplify the problem of determining Zenoness significantly. In particular, we have the following necessary and sufficient condition for strong Zenoness. The condition of Theorem 1 (which is the standard feasibility condition for solution of a linear program) can easily be checked using standard available software. If I<a 2 0 has solutions, the Hhl is not strongly Zeno and there exist switching policies resulting in non-Zen0 runs of the system. However, without externally forced switching, the dynamic runs may still be Zeno. TVe discuss the control issues in t,he full version of the paper.
Although t,he problem of finding necessary and sufficient conditions for Zenoness (rather than strong Zenoness) is still open, we can solve the problem for regular systems, which satisfy both Assumpt,ion 1 and the following:
.
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Assumption 2
The number of continuous (state) variables is equal to the number of configurations (that is, n = m): Each state variable is active in exactly one configuration. Furthermore, the rate matrix is of full rank (that is, rank(K) = n).
To present our results, let us consider all convex cones in It" rooted at the origin. Denote by CONE (U;, 212,. . . , UI)
= {U E W" : U = piu1 + p2u2 + . . . + plvl for some pi p 0, 02 t 0,. , . ,a 2 0) the convex cone generated by vectors ti< E R",i = 1 , 2 ,..., With these three lemmas, we can prove the following theorem that gives a necessary and sufficient condition for Zenoness of regular systems.
Theorem.2 Under Assumptions 1 and 2, a homogeneous constant-rate hybrid system HhI is Zeno if and only if I<a 2 0 has no solution in A.
Note that for systems satisfying both Assumption 1 and Assumption 2, Zenoness and strong Zenoness are equivalent; that is, there exists a Zen0 run of a system if and only if all its runs are Zeno. Also note that for systems satisfying Assumption 1 but not Assumption 2, no conclusion can be drawn just from the existence of solutions in A to the inequality K a 2 0, as to whether the system is Zen0 or not.
Zen0 behaviors have a complex nature even for systems satisfying Assumption 1 (but not Assumption 2) as we will illustrate by the following examples. Note that when the conditions of Theorem 1 or Theorem 2 are satisfied, then the results are independent of the initial conditions and the exact layout of connections between configurations. However, when these conditions are not satisfied, a dynamic run may or may not be Zen0 depending on the initial conditions and on the exact layout of connections and guards between configurations. The first point is illustrated in Example 1.
Example 1 The system is shown in Figure 2 . On the other hand, the loop 2 ++ 3 consisting of configurations 2 and 3, has active variables 1 and 2 with associated submatrix which represents a non-Zen0 regular Hbl (Kzba 2 0 has solutions in A L ) . Hence, if a dynamic run is "trapped" in the loop 2 tt 3, it will be non-Zeno.
One can see that the system of Figure 2 will be trapped in one of the two loops after a number of initial transitions. Suppose that the initial configuration is 1. When x2 = 0, a transition takes the system to configuration 2. Now suppose 5 3 hits its guard before X I (i.e., 5 3 = 0 is reached while X I > 0) and the system switches back to configuration 1, where the rate of X I is greater than the rate of 5 3 . After a while, the transition to configuration 2 takes place again, where X I and 5 3 have the same negative rate, and therefore 2 3 will again become zero before xl. forcing the system back to configuration 1, and so on. Thus, the behavior of the system is given by the ma- Figure 3 .
Example 2 This example shows that even for a Zeno system that has only one loop (and hence only one switching sequence), there may exist non-Zeno runs when switched properly.
The system is shown in Figure 4 tem is switched to remain in the proximity of the line emanating from xo in the direction of a*, the run will be non-Zeno.
-_ - In this paper we studied various issues concerning the possible existence of Zeno behaviors in hybrid systems and the related question of existence of safety controllers that sat,isfy specified state invariance constraints.~ IVe focused our attention on constant rate hybrid machines, and showed that the existence of Zeno behaviors can be examined hy checking for existence of solutions to a set of linear inequalit.ies in a speci- 
